ISRAEL JOURNAL OF MATHEMATICS 105 (1998), 93-104

ON-LINE COLORING k-COLORABLE GRAPHS

BY

H.A. KIERSTEAD

Department of Mathematics, Arizona State Unwersity
Tempe, AZ 85287, USA

e-mail: kierstead@math.la.asu.edu

ABSTRACT
We show that for any k, there exists an on-line algorithm that will color any
k-colorable graph on n vertices with O(n1~1/5") colors. This improves the
previous best upper bound of O(nlog{?*=3) n/10g(**~4) n) due to Lovasz,
Saks, and Trotter. In the special cases k = 3 and k = 4 we obtain on-line
algorithms that use O(n2/3log!/3 n) and O(n5/log!/® n) colors, respec-
tively.

1. Introduction

An on-line graph is a structure G = (V, E, <), where G = (V, E) is a graph
and < is a linear order on V. (Here V will always be finite.) The ordering
< is called an input sequence. Let G denote the on-line graph induced by
the «-first n elements V,, = {v; « -+ € v,} of V. An algorithm A that
properly colors the vertices of the on-line graph G¥ is said to be an on-line
coloring algorithm if the color of the n-th vertex v, is determined solely by
the isomorphism type of G<. Intuitively, the algorithm A colors the vertices
of G one vertex at a time in the externally determined order v; < -+ < vy,
and at the time a color is irrevocably assigned to vy, the algorithm can only see
G,. For example, the on-line coloring algorithm First-Fit colors the vertices of
G< with an initial sequence of the colors {1,2,...} by assigning the vertex v the
least color that has not already been assigned to any vertex adjacent to v. The
number of colors that an algorithm A uses to color G< is denoted by x4(G<).

For a graph G the maximum of y4(G<) over all input sequences < is denoted
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by xa(G). If T is a class of graphs, the maximum of x4{G) over all G in I is
denoted by x4(I'). The on-line chromatic number of I, denoted by xo(T),
is the minimum of x 4(T') over all on-line coloring algorithms.

Let I'(k,n) be the class of k-colorable graphs on n vertices. The following
theorems summarize what is known about the on-line chromatic number of the

classes T'(k, n), where log(k) n denotes the log function iterated k times.

THEOREM 1.1 (Lovész, Saks, and Trotter [LST]): xa(I'(2,n)) = O(logn);
XO](F(ka n)) = O('n lOg(2k_3) n/ log(zk—4) n)

THEOREM 1.2 (Vishwanathan [V]): xo(T(k,n)) = Q(log*~!n).
THEOREM 1.3 (Szegedy [S]): xol(T'(k, k2¥)) > 2% — 1,

So we have good bounds for x,1(I'(2,n)). However for k£ > 3, the bounds on
Xx(T'(k,n)) are very weak. For the case of perfect graphs, much more is known.

Let TI(k,n) be the class of k-colorable perfect graphs on n vertices.

THEOREM 1.4 (Kierstead and Kolossa [KK]): Q(log" ' n) = xo(H(k,n)) =
O(nlok/log]ogn).

The purpose of this article is to improve the upper bound for k-colorable
graphs. Our main result is the following theorem, which we prove in the next

section.

THEOREM 1.5: For every positive integer k, there exists an on-line algorithm Ay
and an integer N such that, for every on-line k-colorable graph G onn > N

vertices, x4, (G<) < n'=1/k",

For the special cases k = 3 and k = 4 we obtain the following stronger results.

THEOREM 1.6: There exists an on-line algorithm Az such that for every on-line

2/3

3-colorable graph G< on n vertices, X4,(G€) < 20n log1/3 n.

THEOREM 1.7: There exists an on-line algorithm A4 such that for every on-line
4-colorable graph G on n vertices, x a,(G<) < 120n5/¢log!/® n.

In order to prove Theorem 1.7, we will need the following theorem that has

independent interest.



Vol. 105, 1998 ON-LINE COLORING k-COLORABLE GRAPHS 95

THEOREM 1.8: There exists an on-line algorithm B such that for any on-line
graph G< on n vertices that contains neither C3 nor Cs, xg(G<) < 3n!/2,

The paper is organized as follows. In the remainder of this section, we review
our notation and present two useful lemmas. In Section 2 we prove our main
result, Theorem 1.5. In Section 3 we prove Theorem 1.8, and in Section 4 we
prove Theorems 1.6 and 1.7. In Section 5 we make some concluding remarks.

Let [n] denote the set {1,2,...,n}. Then [0] = 0. Let id denote the identity
function. A cycle on t vertices is denoted by C;. Let G = (V,E, <) be an
on-line graph and W C V be a subset of the vertices of G. Then

N(W)={veV:v is adjacent to some w € W} — W.

We may write N(v) for N({v}). We denote N(v) N{z € V : & < v} by N<(v)
and N<(v)] by d<(v).

Let m(6,t,n) be the largest integer m such that there exists a family
{E, : i € [m]} of t-subsets of [n] such that for all distinct 1, j € [m], |[E,NE,| < 6.
The following Lemma is fundamental to our proofs, as well as those of Lovasz,
Saks, and Trotter [LST]. The reason our bounds are stronger than theirs is that,
while they had to iterate the lemma loglog(n) times, we only need to iterate it
k times.

LEMMA 1.9 (Lovész [L], Problem 13.13): If — 1 < t < n and (§ — I)n < %,
then m(6,t,n) < n(t — 0 + 1)/(t* — n(§ — 1)). In particular, if 0 < ¢ < 1,
m(62n/2,6n,n) < 2/6.

Most of the on-line coloring algorithms we discuss are first designed to be
efficient for on-line graphs with a specified number of vertices. However, we
really want an algorithm that is efficient on any number of vertices. The following
lemma shows that we can obtain such an algorithm from a sequence of algorithms
that are efficient on specified numbers of vertices for the price of a factor of 4 in

the performance.

LEMMA 1.10: Let T be a class of graphs and g be an integer valued function on
the positive integers such that g(z) < g(z + 1) < g(z) + 1, for all z. If for every
n, there exists an on-line coloring algorithm A,, such that for every graph G € T
on n vertices, x a, (G) < g(n), then there exists a fixed on-line coloring algorithm
A such that for every G € T on n vertices, x4(G) < 4g{n).
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Proof: Choose a sequence of integers ¢y = 1, ¢1, ¢2,. .. such that 2¢g(c,) = g{c,11).
Let A be the algorithm that runs as follows. First apply A, to the first ¢y vertices,
then using a new palette of colors apply A., to the next ¢; vertices, then using
a new palette of colors apply A., to the next c; vertices, etc. We claim that for
every integer ¢ and every graph G € T on ., ., ¢s vertices, x4(G) < 2¢(c,).
To see this, argue by induction on i. The base_st_ep t = 0 is trivial, so consider
the induction step + = j 4+ 1. Then A uses at most g(c,) = 2¢(c,) colors on
the first Zog h<, Ch vertices by the induction hypothesis, and A uses at most
g(c,) = 2g(c,) colors on the last c, vertices. So A uses at most 2g(c,) colors in
all.

Now suppose that G € T is a graph on n vertices with Zogh <0 S <
2 0<h<, Che After coloring > 0<h<, Ch Vertices the algorithm guesses that there
are going to be >, , cn vertices, which it will be able to color with the allotted
number of colors, };ec;use by the claim it has accumulated a surplus of 2g(c,) =

g(c,) colors. Thus A uses at most 4g(c,) < 4¢(n) colors. ]

2. The general bound

We begin by proving the following technical result.

THEOREM 2.1: Fix k. Suppose that there exist positive numbers € and C such
that for all i € [k] and all positive integers n, there exists an on-line coloring
algorithm A, , such that for all graphs G € T'(i,n), x4, ,(G) < Cn'~¢. Then,
for all positive integers n, there exists an on-line coloring algorithm A such that,
for all graphs G € T'(k + 1,1), xa(G<) < (2C + 1)p!=<(1=K*/logn)/(k+1+ke)

Proof: We shall describe A in terms of two parameters a and 6, where 0 <
@, < 1. Later we will optimize the choice of these parameters. For ¢ < k, let
A, = A, v, where ' =n®. Set 8, = 27%0,50 = n, and s, = 6,_15,_1, for i < k.
Then, by Lemma 1.9, m(s,42, 8,41, 8,) < 2/6,. Let G = (V, E, <) be an on-line
graph with G € T'(k + 1,n), and let Z be a subset of V.

First we describe a dynamic data structure in terms of the life cycle of the
strange mythical species of witnesses. Male witnesses are witness vertices in
V — Z. Female witnesses are certain witness sets contained in Z. A witness
tree records the female genealogy of witnesses starting from the original witness
set Z (Eve). From time to time witness sets will spawn large litters of daugh-

ters. Each of the daughters in a litter is a subset of its mother. Each daughter
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D in the litter has a distinct (!) father F(D), who is a witness vertex that is
adjacent in G to every vertex in D. Once a witness set is spawned, it will never
gain or loose elements. However, Eve is special in that Eve was not spawned and
will gain, but not loose, elements. The witness sets form a tree with Eve at the
0-th level, the daughters of Eve at the 1-st level, their daughters at the 2-nd level,
and so on, through the k-th generation. A witness set at the i-th level is called
an ¢-witness set. For all ¢ > 0, an i-witness set has size s,. At some times some
of the witness sets may die. Once they die, they will never live again. If they
never die, they are immortal. Otherwise they are mortal. If all the daughters
in a single litter die, then the mother also dies (of grief).

Next we describe the on-line coloring algorithm A, using the above data struc-

ture. For any i-witness set W, with ¢ < k, let
N'W)y={veV-Z:|INuw)OW| 2> s,41}

If W is a k-witness, then N*(W) = N(W). The algorithm will maintain a
partition {Sw : W is a witness set} of V — Z such that each Sy C N*(W).
Each Sw will be partitioned by Pyw = {Xw(7) : j € [tw]} of Sw. The last part
Xw(tw) of this partition is called the active part. When new elements enter
Sw they will be put in the active part. Let X = J{Pw: W is a witness set}.
Call Xw(j) € X small if it has size less than n®. Otherwise it is large. The
algorithm will partition V into Z, at most n!~% large subsets of size n®, and a
bounded number of small subsets. The algorithm will color each of these subsets
with disjoint palettes of colors. The palette for Z will have dn colors and each of
the other palettes will have at most Cn®(1=¢) colors; colors are allocated to each
palette as they are needed.
Consider the input sequence v; € vz <€ - € v, of G¥. At the s-th stage
the algorithm processes the vertex v, as follows.
1. If d¥(vs) < én, then put v, in Z. Color v, by First-Fit applied to Z, using
a palette of size at most dn, whose colors are dynamically allocated to Z
as needed.

2.1. Otherwise v, is a witness vertex. Find a live i-witness set W, with 7 as
large as possible subject to the condition that v; € N*(W). Such a witness
set exists by the fact that |[N(vs) N Z| > én and so v; € N*(Z), provided
we can prove (Lemma 2.2) that Eve is immortal.

2.2. Put v, in the active part Xw(t), t = tw, of Py. Color v, by A,
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applied to X (t), using a palette of size at most Cn*(1~¢) whose colors are
dynamically allocated to Xw (t) as needed. (By Step 2.3, [ Xw (t)] < n®.)

2.3. If after the addition of vs, |Xw(t)] = n®, then set tw = ¢+ 1 and set
Xw(tw) = 0. Then Xw (t) is large.

2.4. If n®(1=9) colors have been used on X (t), then we have a proof that
x(Xw(t)) =i+ 1. Set tw =t+ 1 and set Xw(t + 1) = 0. (We may have
just done this.) In this case, if i = k, then W dies. (This may cause some
female ancestors of W to die of grief.} Otherwise ¢ < k and W spawns a
new litter consisting of {D, : v € Xw(t)}, where each daughter D, is a
s,y1-subset of N(v) N W. The father of D, is v, for each v € Xy (¢). Set
tw = 1.

This completes the description of the algorithm A. To show that the algorithm

is well defined, we need the following Lemma.
LEMMA 2.2: Eve is immortal.

Proof: Suppose that Z is mortal. Let ¢ be a proper {k + 1)-coloring of G. First
consider any mortal (i — 1)-witness set M, with ¢ € [k]. Since M is mortal, M
has a litter L such that every daughter D € L is mortal. When L is spawned,
x{F(D): DeL})=1.

Thus [{c(F(D)) : D € L}} > i. It follows that, setting Wy = Z, we can
find a collection {W, : i € [k]} such that W, is a mortal daughter of W,_; and
[{c(F(W,)) : i € [k]}| = k. Every father in the set {F(W,) : ¢ € [k]} is an
ancestor of W, and so is adjacent to every vertex in Wy. Thus ¢ must color
every vertex in Wy, with the same color. It follows that c restricted to N(Wy) is

a proper k-coloring. So Wy must be immortal, which is a contradiction. [

Clearly A produces a proper coloring of G. It remains to show that A uses
at most (2C + 1)p!=<(1=F*/logn)/(k+1+ke) colors, This will follow easily from the

next Lemma.
LEMMA 2.3: Let Q = {Xw(j) € X : Xw(j) is small}. Then |Q| < 2¥° (n®/5)F.

Proof: We first show that any i-witness set M has less than 2/6, litters and
2n? /6, daughters. We may assume that M is alive since after M dies, M will
have no more litters. Then each litter of M contains a live (z + 1)-witness set.
Suppose W and U are two daughters of M from distinct litters. Then there exist
distinct j and j’ such that F(W) € Xp(j) and F(U) € Xp(5'). Say j < 5.
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Then at the stage that F'(U) is processed, all the vertices in W have already
been processed. Thus |[W NU| < 8,42, since otherwise F(U) would be put in
Sw instead of Spr. Thus by Lemma 1.9, M has less than 2/4, litters. Since
each litter has at most n* daughters, we have proved the claim. Note also that
a k-witness set spawns no litters.

For any fixed i-witness set U, [, = |{Xy(j) € Py : Xu(j) is small}| is at most
one more than the number of litters of W. Thus [ < 1landl, <2/4,, foralli < k.
Let w, be the number of i-witness sets. Then wy = 1 and w,11 < 2 w,n® /8. It
follows that w, < 2:0+Y/2(n/8)*. So |Q] < Y pe,cp birn < 2wy < ok* (n®/8)k.
|

The algorithm A partitions V into at most 2k (n®/6)* small pieces and at most
n!=@ large pieces. Each piece is colored with at most Cn®(1=9) colors, except

that Z is colored with at most én colors. Thus, the algorithm uses at most
5n + Cna(l—e) (ana/é)k + Cnl—ana(l—e) = §n + C2k2na(k+l~e)5—k + Cpl—ae

colors. Setting § = n~'/ktata/k+k/logn and o = (1 — k?/logn)/(k + 1 + ke) we

have
§n + G2k patktl=ag—k | cpl-ae

< nl-—l/k+a(k+l)/k+k/logn + Cnl—oe + Cnl—ae

< (20 + 1)l =e1=K*/logn)/(k+1+ke) 1

COROLLARY 2.4: For every positive integer k, there exists an on-line algorithm
Ay, and an integer N such that, for every on-line k-colorable graph G< onn > N
vertices, x4, (G<) < nl=l/(k+1)",

Proof:  Arguing by induction on k, it follows immediately from Theorem 2.1
that for sufficiently large positive integers n, there exists an algorithm Ay ,, such
that for all G € T'(k,n), xa, .(G) < 3n'~V/*+D! Thus we are done by Lemma
1.10. |

Corollary 2.4 is not quite as strong as Theorem 1.5. To obtain the full strength
of Theorem 1.5, note that Eve could spawn a new litter every time that we learn
that the chromatic number of Xz(tz) is greater than zero, i.e. every time that
we learn that X z(tz) is non-empty. Then the litters of Eve would have size one.
This gives an improved estimate on the number of mothers and k-witness sets,

which in turn allows one to calculate the tighter bound of Theorem 1.5. This is
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all done much more carefully in Section 4 for the special cases of k = 3 and k& = 4.

However, the final details of the proof of Theorem 1.5 are left to the reader.

3. Graphs that contain neither C; nor Cs

In this section we prove Theorem 1.8. We begin by defining an algorithm B that
is intended to color any on-line graph G< on n vertices that contains neither C3

nor Cys with less than 3n'/?

colors. Initialize the variables by setting ¢ = 0 and
W1 = 0. Recall that [0] = 0. Next consider the input sequence v; € v, € --- <
v, of G¥. At the s-th stage the algorithm processes the vertex v, as follows.
1. If there exists ¢ € [t] such that vs is not adjacent to any vertex colored
2¢ — 1, then let j be the least such 7 and color v, with 25 — 1.
2. Otherwise, if there exists ¢ € [t] such that v, € N(W,), then let j be the
least such ¢ and color v, with 2j.
3. Otherwise, if W, = 0, let W, = {v € N<(v,): the color of v is odd} and
color v, with color 2¢. (Note that |Wy| > ¢, since Case 1 does not hold.
Also, for all ¢ < t, W, N W, = 0, since Case 2 does not hold.)

4. Otherwise, color vs with 2t + 1, set W, 1 = @, and replace t by £ + 1.
LEMMA 3.1: The algorithm B produces a proper coloring of G.

Proof: First consider an odd color 2; — 1. Any vertex colored 2¢ — 1 is colored by
either Case 1 or Case 4 and only the first vertex colored 2 — 1 is colored by Case
4. Since Case 1 does not allow a vertex to be colored 27 — 1 if it is adjacent to
any other vertex colored 2i — 1, the set of vertices colored 2¢ — 1 is independent.

Next consider an even color 2i. Any vertex colored 2 is colored by either Case
2 or Case 3 and only the first vertex vy colored 2¢ is colored by Case 3. Consider
any two vertices v, and v,, § <1 < g, that are colored 2¢ by Case 2. Then there
exists wy, w, € W, such that v, is adjacent to w, and v, is adjacent to w,. Both
wq and w, are adjacent to v,. Since G does not contain C3, neither v, nor v, is
adjacent to vs. Since G contains neither C3 nor Cs, vq is not adjacent to v,. It

follows that the set of vertices colored 2i is independent. |

LEMMA 3.2: The algorithm B uses less than 3n'/? colors to color any on-line

graph on n vertices that induces neither C3 nor Cs.

Proof: First note that W, N W, = 0§ and |W,| > 4, for all distinct ¢,j € [t]. Let
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S, ={v eV : viscolored :}. Then

n> Syl + D (Wil +[S2) 214+ Y (i+1) =8t —1)/2+1t > t2/2,
1<t 1<a<t
Thus t < (2n)'/2. So at most 2t < 3n!/? colors are used by the algorithm B.
|

This completes the proof of Theorem 1.8. ]

4. A refined algorithm

In this section we introduce a general on-line algorithm Ry ,, for coloring (k+1)-

colorable on-line graphs on n vertices. The algorithm will be defined in terms of

several parameters and subroutines. Theorems 1.6 and 1.7 will then be proved by
specifying the parameters and subroutines and analyzing the resulting algorithm.

But first, we must introduce the concept of (f, g,:)-good on-line algorithms.

For functions f and g and a natural number ¢, call an on-line algorithm
A (f,9,1)-good if whenever A uses f(|V|) colors to color an on-line graph G< =
(V,E, <), then there exists W C V, such that |W| < g(|V]) and x(G[W]) > .
For example, the algorithm B from Theorem 1.8 is (4n!/2,5,2)-good. Trivially
First-Fit is (1,1,0)-good and (2,2,1)-good. Also, if A is an on-line algorithm
that colors any i-colorable on-line graph on n vertices with less than f(n) colors,
then A is (f,id,:)-good. Let {B, : i < k} be a collection of on-line algorithms
such that B, is (f,, ¢,,7)-good, for all i < k.

We are now ready to state the on-line algorithm R = Ry41 5, in terms of the
(fis Gu,1)-good subroutines B,, i < k, and the parameter 4, using the witness
tree defined in Section 2. In fact, R is the same as the algorithm A of Section 2,
except that Step 2.3 is omitted and Step 2.4 is replaced by the step 2.4* given
below.

2.4* If f,(|Xw(t)]) colors have been used on Xy (t), then we can find a sub-
set F' C Xw(t) such that |F| < ¢,(|Xw(t)|) and x{(F) > i. If i = k,
then W dies. Otherwise i < k and W spawns a new litter consisting of
{D, : v € F}, where each daughter D, is a s;41-subset of N(v) " W. The
father of D, is v, for each v € Xy (t). Set ty = t+1 and set Xy (¢+1) = 0.

Just as before, Eve is immortal; so Step 2.2 of the algorithm is well defined.
Clearly, R produces a proper coloring. We are left with the problem of deter-

mining the number of colors that R uses. Let [, be one more than the maximum
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number of litters an i-witness set can have. Let w, be the number of i-witness
sets. Let ¢, be the number of colors used to color [ J{Sw : W is an i-witness set}.

The following Lemma relates these parameters.

LEMMA 4.1: Let i < k, W be an i-witness set, and j € [ty]. Then
(1) 1, <2/4,, except that I =1,
(2) the litter of W corresponding to Xw (j) has size at most g,(|Xw (5)]),
(3) wo=1and w, < 2wW,—1g,—1/6:—1,
(4) ¢ <3 fi(|Xw(s)|), where the sum is over all i-witness sets W and s €
[tw], and
(5) ¢, < lLw,f,(n/(Lw,)), provided that f, is concave down.

Proof: (1) Let M be an i-witness set. We may assume that M is alive since after
M dies, M will have no more litters. Then each litter of M contains a live (i +1)-
witness set. Suppose W and U are two daughters of M from distinct litters. Then
there exist distinct j and j’ such that F(W) € Xy () and F(U) € Xu(5'). Say
j < j'. Then at the stage that F(U) is processed, all the vertices in W have
already been processed. Thus |W NU| < s;42, since otherwise F(U) would be
put in Sy instead of Sps. Thus by Lemma 1.9, M has less than 2/4, litters. Note
also that a k-witness has no litters. (2-4) These statements follow immediately
from the statement of the algorithm. (5) This follows from Jensen’s inequality
and the observation that n > Y | Xw(s)|, where the sum is over all i-witness sets
W and s € [tw]. |

Proof of Theorem 1.6: Let k = 2 and consider a fixed n. We shall first specify an
on-line coloring algorithm Az ,, that will color any 3-colorable on-line graph on n
vertices with at most 5n2/3 logl/3 n colors. Let By = By = First-Fit and B, = Rs,
where Ry is an on-line coloring algorithm that will color any 2-colorable on-line
graph on m vertices with less than 2logm colors. By [LST] such an algorithm
exists. Then each B, is (f,, ¢,,%)-good, where the values of the f, and g, as well
as bounds on [,, w, and ¢,, calculated from Lemma 4.1, are given in Table 1. Let
§ = (32logn/n)'/?, and set A3, = Rj.,, with the above choice of parameters and
subroutines. Then Aj ,, uses at most én+2/6+8/62432logn/8* < 5n%3log!/* n
colors.

By Lemma 1.10, there exists an on-line algorithm Ajz such that for any n and

any 3-colorable on-line graph G on n vertices, x4(G) < 20n?/31log!/3 n. [ |
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Table 1
1 fi(2) g,(z) L, w, c,
0 1 1 2/6 1 2/5
1 2 2 4/5 2/6 16/4°
2 2logx T 1 16/42 32logn/§?

Proof of Theorem 1.7: Let k = 3 and consider a fixed n. We shall first specify
an on-line coloring algorithm Ay, that will color any 4-colorable on-line graph
on n vertices with at most 30n°/8 logl/ 6n colors. Let By = By = First-Fit,
B, = B, the algorithm from Section 3, and B; = Ajs, the algorithm from the
previous proof. Then each B, is (f,, g,,%)-good, where the values of the f, and
g, as well as bounds on [,, w, and ¢,, calculated from Lemma 4.3, are given
in Table 2. Let § = 173Y/2(logn/n)"/%, and set Ay, = Ry,, with the above
choice of parameters and subroutines. Then Ay, uses at most én +2/§+8/§% +
346=3/2n1/2 4 173n2/3 log!/® n /6 < 30n5/61og'/® n colors.

By Lemma 1.10, there exists an on-line algorithm A4 such that for any n and

any 3-colorable on-line graph G on n vertices, x4(G) < 120n°/6log!/® n. [ |
Table 2
i fu(x) gi(x) L w, C
0 1 1 2/6 1 2/6
1 2 2 4/6 2/6 16/62
2 3z1/? 5 8/6 16/6* 346—3/2p1/2
3 | 202¥310g'P z x 1| 640/6° | 173n2/31og"® /6

5. Remarks

All the on-line algorithms presented here clearly run in polynomial time. From
this point of view the upper bounds we prove are reasonably strong, since the
best off-line polynomial time algorithm for coloring a k-colorable graph uses

close to n!—1/k

colors. The algorithms A3 and A4 are even better, since the best
polynomial time algorithms for 3-colorable and 4-colorable graphs use more than
n3/14 [BK] and n®® [B] colors, respectively. The on-line polynomial algorithm
B actually beats these bounds in the case that G contains neither C3 nor Cs.
There is still a huge difference between the lower bounds of Theorem 1.2 and

our new upper bounds. While the upper bounds probably can be improved,
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I believe that the lower bounds are very weak. Note that the lower bounds for
general graphs are no better than those for perfect graphs. I suggest the following

challenge for the reader.

Problem 5.1: Prove that Q(n€) = xaI'(3,n) = O(n!/2).
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